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Abstract
Using non chiral supersymmetry in 6D space time, we compute the explicit ex-
pression of the metric the scalar manifold SO (1, 1)× SO(4,20)
SO(4)×SO(20) of the ten dimen-
sional type IIA superstring on generic K3. We consider as well the scalar field self-
couplings in the general case where the non chiral 6D supergravity multiplet is cou-
pled to generic n vector supermultiplets with moduli space SO (1, 1)× SO(4,n)
SO(4)×SO(n) .
We also work out a dictionary giving a correspondence between hyperKahler ge-
ometry and the Kahler geometry of the Coulomb branch of 10D type IIA on
Calabi-Yau threefolds. Others features are also discussed.
Key words: type II superstring compactification, black attractors, Kahler and hy-
perKahler geometry, harmonic superspace.
1 Introduction
At Planck scale, ten dimensional type IIA superstring compactification on K3 is described
by non chiral N = 2 supergravity in six dimensions [1]-[5]. There, the dynamical degrees
of freedom come into two kinds of supersymmetric multiplets:
(1) the gravity multiplet GN=26D consisting of 32 bosonic and 32 fermionic propagating
degrees of freedom. The propagating bosonic fields are:
gµν (x) , Bµν (x) , Aaµ (x) , σ (x) .
∗h-saidi@fsr.ac.ma
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They describe respectively the gravity field gµν , the antisymmetric gauge field Bµν , four
Maxwell type gauge fields Aaµ, a = 1, 2, 3, 4, and the dilaton σ.
(2) twenty Maxwell type supermultiplets
{VI6D,N=2}1≤I≤20 having 20×8 bosonic and
20×8 fermionic propagating degrees of freedom. The 6D bosonic fields content of these
supermultiplets consists of
AIµ (x) , φaI (x) ,
that is twenty gauge fields AIµ, capturing a local U20 (1) gauge invariance,
AIµ −→ AIµ + ∂µϕI , (1.1)
with gauge parameters ϕI ; and eighty real scalar
{
φaI
}
parameterizing the real eighty
dimensional manifold
Q80 =
SO(4,20)
SO(4)×SO(20) , dimQ80 = 4× 20 .
The dynamical scalar fields of the non chiral 6D N = 2 supergravity theory that we will
deal with are then
{
σ, φaI
}
; they transform in the following particular representations
of the SO (4)× SO (20) isotropy symmetry [6, 7],
σ ∼ (1, 1) , φaI ∼ (4, 20) .
Generally, instead of φaI ∼ (4, 20), these scalar fields may be thought of as φaI ∼ (4, n)
parameterizing, together with σ, the following typical moduli space family [8] involving
a generic number n of Maxwell supermultiplets,
MN=26D = SO (1, 1)×Q4n .
The real dimension of MN=26D is equal to (1 + 4n); the case of 10D type IIA superstring
on K3 corresponds obviously to n = 20. For generic 6D N = 2 supergravity models, the
integer n can however be any positive number; n ≥ 1. The leading term of the family is
particularly remarkable since, as we will show, corresponds to the well known real four
dimensional Taub-NUT geometry.
In this paper, we freeze the dilaton σ (dσ = 0) and study the interacting dynamics
of the real 4n scalars φaI that parameterize the 4n real dimensional scalar manifold
Q4n =
SO(4,n)
SO(4)×SO(n) ,
with generic integers n ≥ 1. We use rigid non chiral supersymmetry in 6D space time
to determine the explicit expression of the scalar field couplings of the non linear sigma
model that governs the dynamics of the scalars fields φaI . Besides the hyperKahler
geometry of the underlying non linear sigma model, the knowledge of the scalar fields
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self- couplings associated with Q4n is important for the study of the BPS and non BPS
attractors in non chiral 6D supergravity [6, 7, 8, 9]. The interacting dynamics of the
dilaton σ with the scalar field φaI is recovered as usual; it will be implemented at the
end of this work.
Having introduced the basic ingredients and the main objective of this study; the question
that we have to answer is how to get the φaI self-interactions. To that purpose, we shall
proceed in three main steps as follows:
(a) Introduce a complex representation to deal with φaI
Instead of working with the 4n real coordinates φaI , we use rather 2n complex fields
given by the doublets
f iA (x) ∼ (2, n) , f iA (x) ∼
(
2, n
)
,
and transforming in the fundamentals of the group SU (2)×U (n). In using this complex
representation, the above family of real 4n manifold Q4n gets replaced by the complex
2n manifold family
H2n =
U(2,n)
U(2)×U(n) . (1.2)
In addition to the power of complex analysis, this representation allows to exhibit man-
ifestly the Un (1) gauge symmetry (1.1) by performing phases change in the complex
fields f iA. The φaI are real since they describe matter in adjoint representation of the
gauge symmetry (adjoint matter for short).
(b) Supersymmetry as a basic invariance
Besides fermions, the 6D N = 2 Maxwell multiplet V6D,N=2 has, in addition to the gauge
field Aµ, the four real scalars φa, which now on should be thought of as,
φa ≡ (f i, fi) .
To study the geometry (scalar fields self-couplings) of the scalar manifold parameterized
by these scalars, it is interesting to split the gauge supermultiplet V6D,N=2 in terms of
N = 1 supermultiplets as given below
V6D,N=2 = V6D,N=1 ⊕ H6D,N=1 ,
where V6D,N=1 is the 6D N = 1 Maxwell multiplet and H6D,N=1 is the hypermultiplet.
Notice in passing that the same approach is used in dealing with the Kahler geometry
of the Coulomb branch of the 4D N = 2 supergravity theory.
(c) HSS method to get the explicit expression of the metric
In theH armonic SuperSpace (HSS ) method [10]-[20], the n hypermultiplets
{HI6D,N=1}1≤I≤20
are adequately described by the superfields Φ+A and their conjugate Φ˜+A,
Φ+A = Φ+A
(
x, θ+, u±
)
, Φ˜+A = Φ˜
+
A
(
x, θ+, u±
)
,
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where x, θ± = u±i θ
i and u±i stand for the space time coordinates, the Grassmann variables
and harmonic variables respectively. The HSS superfields Φ+A and Φ˜+A transform in the
fundamental representations of the U (n) isotropy symmetry of (1.2),
Φ+A ∼ n , Φ˜+A ∼ n .
Notice in passing that the Φ+ and Φ˜+ description of hypermultiplets as well as their
general self-interactions are well established in literature on harmonic superspace [21];
see also [22]-[31] for related matters. The HSS superfield action describing hypermultiplet
interactions has the typical form S = ∫ d6xL (x) with
L (x) =
∫
S2
duL (x, u) ,
L (x, u) = ∫ d4θ+ [Φ˜+D++Φ+ − L+4int (Φ˜+,Φ+, u±)] , (1.3)
where D++ is the usual harmonic derivative. The first term of the right hand side
of the second relation may be thought of as the Kinetic term and L+4int stands for the
hypermultiplet self interactions.
Here, we will use known results on HSS method and the prepotential derived in [9] to deal
with the interacting dynamics associated with the manifold H2n (1.2). This dynamics
is given by the Lagrangian super-density L+4n ,
Ln =
∫
d4θ+
(
n∑
A=1
Φ˜+AD
++Φ+A + L+4n
)
, (1.4)
with
L+4n = 12
n∑
I,J=1
λIJT
++IT++J ,
T++I =
1
i
Tr
(
Φ˜+HIΦ
+
)
.
(1.5)
The real symmetric matrix λIJ describes the superfield coupling constants and the H
I ’s
are the Cartan generators of the U (n) isotropy group of eq(1.2). Notice that for the
particular n = 1 case, eq(1.4) gets reduced to
L1 =
∫
d4θ+
[
Φ˜+D++Φ+ − λ
2
(
Φ˜+Φ+
)2]
(1.6)
which is nothing but the HSS hypermultiplet model that describe the real 4 dimensional
Taub-NUT geometry [32]. The successive integration of eq(1.6) first with respect to the
Grassmann θ+ and then with respect to the harmonic u± variables lead to
L1
(
f,f
)
= gij∂µf
i∂µfj + gij∂µf i∂µfj + 2h
j
i∂µf
i∂µfj (1.7)
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with
gij =
λ
2
(2+λff)
(1+λff)
f ifj ,
gij = λ
2
(2+λff)
(1+λff)
f ifj ,
h
j
i = δ
j
i
(
1 + λff
)− λ
2
(2+λff)
(1+λff)
fjf i ,
(1.8)
where λ is a real coupling constant. For generic n ≥ 1; the Lagrangian density (1.7)
extends as
Ln
(
f,f
)
= giAjB∂µf
iA∂µfjB + giAjB∂µfiA∂µfjB + 2h
jB
iA ∂µf
iA∂µfjB. (1.9)
The main purpose of this paper is to first compute explicitly the metric components
giAjB = giAjB
(
f,f
)
,
giAjB = giAjB
(
f,f
)
,
h
jB
iA = h
jB
iA
(
f,f
)
.
(1.10)
We also give a dictionary drawing the correspondence between the Kahler geometry of
10D type IIA superstring on Calabi-Yau threefolds and the hyperKahler geometry of
10D type IIA on K3.
The organization of this paper is as follows. In section 2, we describe some basic tools.
In section 3, we study the 4D hyperKahler Taub-NUT geometry as it is the leading term
of the family SO (1, 1)×H2n. In section 4, we study the quaternionic 2- form and derive
the HSS prepotential. In section 5, we consider the real 4n dimensional generalization
of the Taub-NUT supersymmetric model and in section 6 we derive the hyperKahler
metric with Un (1) abelian symmetry. In section 7, we give the conclusion and make a
discussion concerning the correspondence between Kahler and hyperKahler geometries.
In sections 8 and 9, we give two appendices A and B where technical computations are
presented.
2 Basic tools
In this section, we describe the three following points: (1) The mapping from the real
fields φaI to the complex f
iA and f iA. (2) Supersymmetric representations in 6D [33] and
reduction down to 4D. (3) Harmonic superspace method (HSS ).
2.1 From real φaI to the complex
(
fiA, fiA
)
With the objective to use HSS method to get eq(1.10), it is interesting to work with the
complex field coordinates f iA and fiA rather than the real fields φ
a
I . Below we show how
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this mapping can be obtained.
First notice that φaI is in the (4, n) bi-fundamental representation of SO (4) × SO (n)
group. Using the property SO (4) ∼ SU (2)× SU (2) and the usual Pauli 2× 2 matrices
σaij , we can put φ
a
I in the equivalent form φ
ij
I with φ
a
I =
∑2
i,j=1 σ
a
ijφ
ij
I .
Second, using φijI , the mapping from these real scalars to the complex fields f
iA and f iA
is given by the following relation [9],
φiIk = Tr
([
fkHI f
i
])
, I = 1, ..., n . (2.1)
where Tr
([
fkHI f
i
])
stands for
n∑
A,B=1
fkA (HI)
A
B f
iB ≡ fkHI f i , I = 1, ..., n . (2.2)
In this relation, the complex field coordinates f iA and f iA are in the bi-fundamentals of
the isotropy group SU (2) × U (n) of the moduli space of the Coulomb branch of the
supergravity theory. The n × n matrices {HI} are the Cartan generators of the U (n)
group satisfying the usual properties,[
HI , HJ
]
= 0 ,
[
H,HJ
]
= 0 ,(
HI
)†
= HI , (H)† = H .
(2.3)
The n × n hermitian matrix H stands for H = ∑nI=1 ϕIHI with ϕI ∈ R, where the
real functions ϕI are the abelian U
n (1) group parameters. The reality condition of the
adjoint matter,
(
φiIk
)
= φkIi , follows directly from
(f iA) = f iA , (HI)
† = HI . (2.4)
Third, it is interesting to notice that the change from the real field coordinates φaI to the
complex f iA and f iA is not uniquely defined. Indeed under the change
f −→ q = eiH f , f −→ q = fe−iH , (2.5)
or more explicitly by exhibiting the indices,
fkA −→ qkA = (eiH)A
B
fkB ,
fkA −→ qkA = fkB
(
e−iH
)B
A
,
(2.6)
where H is as in (2.3), the mapping (2.1) remains invariant
Tr (qkHIq
i) = Tr
(
fkHI f
i
)
. (2.7)
Therefore the field change (2.1) has a Un (1) gauge symmetry which can be promoted
to the local gauge symmetry (1.1) of the Coulomb branch of the non chiral 6D N =
2 supergravity theory. Since, we are not interested here by the gauge-hypermultiplet
interactions, we then restrict our attention below to global invariance.
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2.2 Supersymmetry
The moduli space of non chiral 6D N = 2 supergravity multiplet coupled n Maxwell
gauge supermultiplets has the form
SO(4,n)
SO(4)×SO(n) × SO (1, 1) , (2.8)
where the factor SO (1, 1) is parameterized by eσ with σ standing for the dilaton. The
real 4n moduli φaI describe the vevs of the scalars of the 6D N = 2 vector multiplets
VI6D,N=2.
6D N = 1 formalism
In the language of 6D N = 1 supersymmetric representations, the Maxwell supermulti-
plet V6D,N=2 =
(
1, 1
2
2
, 04
)
6D
, split into a vector V6D,N=1 and a hypermultiplet H6D,N=1.
We have
VI6D,N=2 = VI6D,N=1 ⊕ HI6D,N=1 , I = 1, ..., n , (2.9)
with the following fields content
V6D,N=2 =
(
1, 1
2
)
6D
,
H6D,N=1 =
(
1
2
, 04
)
6D
.
(2.10)
As we see, the vector supermultiplets VI6D,N=2 have no scalars. The real 4n scalar fields
are all of them in the hypermultiplets HI6D,N=1, I = 1, ..., n.
4D N = 2 formalism
A more convenient way to deal with 6D N = 1 hypermultiplets is to use 4D N = 2
superspace. In this 4D N = 2 language, the hypermultiplet fields content decomposed
as follows,
H6D,N=1 =
(
1
2
, 04
)
6D
→ H4D,N=2 =
(
1
2
2
, 04
)
4D
. (2.11)
A similar relation is valid for V6D,N=1 which decomposes like
V6D,N=1 =
(
1, 1
2
)
6D
→ V4D,N=2 =
(
1, 1
2
2
, 02
)
4D
. (2.12)
This reduction is obtained by decomposing 6D vectors as 4D vectors plus 2 scalars. The
6D spinors; say θbαi, split equality into a 4D Weyl spinor θai and its complex conjugate
θa˙i like, (
θbαi
)
1≤bα≤4 −→
(
θai
θa˙i
)
a=1,2
. (2.13)
Hypermultiplets couplings in 6D N = 1 supersymmetric gauge theory can be then
conveniently studied in the framework of the 4D N = 2 HSS formalism [10] where
several results have been obtained. Below, we give a brief description of the 4D N = 2
HSS and make comments regarding our purposes.
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2.3 General on HSS in 4D
In the HSS formulation of 4D N = 2 hypermultiplet theory, the ordinary superspace
with SUR (2) R-symmetry,
zM =
(
xµ, θia, θ
i
a˙
)
, i = 1, 2 , a, a˙ = 1, 2 , (2.14)
gets mapped into the harmonic superspace zM =
(
Y m, θ−a , θ
−
a˙ , u
±
i
)
, with an analytic
sub-superspace parameterized by the super-coordinates
Y m =
(
yµ, θ+a , θ
+
a˙
)
, (2.15)
and
yµ = xµ + i
(
θ+σµθ
−
+ θ−σµθ
+
)
,
θ+a = u
+
i θ
i
a , a = 1, 2 ,
θ
+
a˙ = u
+
i θ
i
a˙ , a˙ = 1, 2 ,
(2.16)
where u±i are the harmonic variables satisfying the relations u
+iu−i = 1 and u
±iu±i = 0.
The hypermultiplets are described by an analytic HSS function Φ+ = Φ+ (Y, u),
D+a Φ
+ = 0 , D
+
a˙ Φ
+ = 0 , (2.17)
with covariant spinor derivatives as D±a = u
±
i D
i
a, D
+
a =
∂
∂θ−a
and D
+
a˙ =
∂
∂θ
−a˙ . The
superfield Φ+ satisfy as well the property
[D0,Φ+] = Φ+ . (2.18)
In this relation D0 is a U (1) charge operator given by
D0 = ∂0 +
(
θ+ ∂
∂θ+
+ θ
+ ∂
∂θ
+
)
−
(
θ− ∂
∂θ−
+ θ
− ∂
∂θ
−
)
. (2.19)
It generates, together with the two following operators
D++ = u+i ∂
∂u−i
− 2iθ+σµθ+∂µ − 2iθ+2 ∂∂τ − 2iθ
+2 ∂
∂τ
,
D−− = u−i ∂
∂u+i
− 2iθ−σµθ−∂µ − 2iθ−2 ∂∂τ − 2iθ
−2 ∂
∂τ
,
(2.20)
where we have set τ = x4 + ix5, the SUR (2) symmetry. In particular, we have the usual
commutation relations of the su (2) algebra,
[D0, D++] = +2D++ ,
[D0, D−−] = −2D−− ,
[D++, D−−] = D0 ,
(2.21)
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These operators play a crucial role in the HSS formulation of 4D N = 2 supersymmetric
field theory and obey the twild1 reality property
D˜++ = D++ , D˜0 = D0 , D˜−− = D−− . (2.22)
The θ+- expansion of the HSS hypermultiplet superfield Φ+ reads as
Φ+ (Y, u) = q+ + θ+2F− + θ
+2
G− + iθ+aθ
+a˙
B−aa˙ + θ
+2θ
+2
∆−−− , (2.23)
where we have ignored fermions for simplicity. Notice that the components,
F− = F− (x, u) ,
G− = G− (x, u) ,
B−aa˙ = B
−
aa˙ (x, u) ,
(2.24)
are auxiliary fields scaling as a mass squared; i.e (mass)2. The extra remaining one,
∆−−− = ∆−−− (x, u) , (2.25)
is also an auxiliary field; but scaling as (mass)3. All these auxiliary fields are needed to
have off shell supersymmetry; in particular for the computation of eqs(1.10). We also
have
Φ˜+ (Y, u) = q˜+ + θ+2G˜− + θ
+2
F˜− + iθ+aθ
+a˙
B˜−aa˙ + θ
+2θ
+2
∆˜−−− , (2.26)
where (∼) = (∗) stands for the twild conjugation preserving the harmonic analiticity
[10]. Moreover, the component fields F q = F q (x, u), with Cartan charge q, can be also
expanded in a harmonic series as follows:
F q (y, u) = ∑∞n=0 u+n+q(i1...in+qu−nj1 ...jn)F (i1...in+qj1...jn) (y) , (2.27)
where we have taken q ≥ 0 and set for convenience
u
+(n+q)
(i1...in+q
u−nj1 ...jn) ≡ u+(i1u+i2...u+in+qu−j1...u−jn) . (2.28)
HSS hypermultiplet action
Following [10], the HSS action S describing the dynamics of interacting hypermultiplets
Φ+A and their conjugate Φ˜+A has the form
Sn =
∫
d4x
(∫
S2
du
[∫
d4θ+L4+n
(
Φ+, Φ˜+, u±
)])
, (2.29)
1The twild (∼) is an automorphism combining the usual complex conjugation (−) and the conjugation
(∗) of the charge of the U (1) Cartan sub-symmetry of SUR (2).
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where d4θ+ = d2θ+d2θ
+
should be understood in the usual way; that is as the derivatives
d4θ+ ∼ (D−aD−a )
(
D
−
a˙D
−a)
. This integral measure captures four negative charges. As
such, the SU (2) invariance of S requires the Lagrangian super-density to carry four
positive Cartan charges and reads as
L4+ = Φ˜+AD++Φ+A + L4+int, (2.30)
with hypermultiplet self interactions L4+int given by
L4+int = −
λ
2
[
Tr
(
Φ˜+HIΦ+
)]
gIJ
[
Tr
(
Φ˜+HJΦ+
)]
, (2.31)
where HI as in eqs(2.3). The coupling constant matrix λIJ has been factorized as λgIJ .
The scale λ can be interpreted in terms of the black hole horizon radius. For n = 20,
the matrix gIJ can be interpreted as the intersection matrix of the 2- cycles of the real
second homology of K3.
3 U(1) supersymmetric model
In this section, we study the scalar field self- couplings for the simplest case of 6D N = 2
supergravity with one (n=1 ) Maxwell supermultiplet V6D,N=2. This study has been first
considered in [32]; but here it will be used as a first step towards the derivation the
Un (1) extension of the Taub-NUT geometry. We also take this opportunity to give a
geometric interpretation of the harmonic superspace prepotential
L4+taub-NUT = −
λ
2
(
Φ˜+Φ+
)2
, (3.1)
in the framework of 10D type IIA superstring compactification on complex surfaces.
As noted earlier, the vector supermultiplet V6D,N=2 has, besides fermions, the following
bosonic fields:
(1) A gauge field Aµ with the abelian gauge symmetry (1.1),
(2) Four real scalars φa parameterizing the real scalar manifold Q4 =
SO(4,1)
SO(4)
.
In the complex coordinates
(
f i,f i
)
, the manifold Q4 gets mapped to the complex surface
H2 =
SU (2, 1)
SU (2)× U (1) . (3.2)
To deal with the underlying geometry of H2, it is useful to freeze the dynamics of the
gauge field Aµ and use the 6D N = 1 supersymmetric formalism. There, the real four
scalars are all of them in the hypermultiplet H6D,N=1 (2.10) which in turn is conveniently
described in the 4D N = 2 harmonic superspace formalism where several results have
10
been obtained.
In HSS, the hypermultiplet is represented by the superfield Φ+ (2.23-2.26); and its self-
coupling is described by the action
S1 =
∫
d4x
(∫
S2
du
[∫
d4θ+L4+1
(
Φ+, Φ˜+
)])
. (3.3)
The Lagrangian super-density L4+1 is given by the supersymmetric Taub-NUT model
L4+1 = Φ˜+D++Φ+ − λ2
(
Φ˜+Φ+
)2
, (3.4)
where λ is a coupling constant to be interpreted later in terms of the mass M of the
Taub-NUT black hole (λ ∼M−2). The HSS Lagrangian density (3.4) is invariant under
the abelian global U (1) symmetry (2.5)
Φ+′ = eiΛΦ+ , Φ˜+′ = e−iΛΦ˜+ , (3.5)
with super- parameter Λ constrained as D++Λ = 0. As noted before, this symmetry can
be promoted to a local gauge invariance
D++Λ 6= 0 (3.6)
by coupling the hypermultiplet Φ+ to a 4D N = 2 Maxwell gauge superfield V ++ with
the abelian gauge symmetry
V ++′ = V ++ −D++Λ . (3.7)
Below, we shall not develop this issue; and focus just on the U(1) global gauge invariance
of L4+1
(
Φ+, Φ˜+
)
.
To get the explicit component field expression of the action, we have to integrate eq(3.3)
with respect to the Grassmann variables θ+, then eliminate the auxiliary fields through
their eqs of motion and finally integrate with respect to the harmonic variables. These
technical steps are a little bit cumbersome; they are collected in appendix A.
Using the results obtained in appendix A, we can put the superfield action (3.3) into the
following component field one,
S1 = −1
2
∫
d4x
(
g¯ij∂µf
i∂µfj + gij∂µf i∂
µfj + 2h
j
i∂µf
i∂µfj
)
, (3.8)
with,
g¯ij =
λ
2
(2+λff)
(1+λff)
f ifj ,
gij = λ
2
(2+λff)
(1+λff)
f ifj ,
h
j
i = δ
j
i
(
1 + λff
)− λ
2
(2+λff)
(1+λff)
fjf i .
(3.9)
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Before proceeding ahead, let us make three comments: (1) Using the following variables
change mapping the complex coordinates to the real ones (r, θ, ψ, ϕ),
f1 = ρei(ψ+ϕ) cos θ
2
,
f2 = ρei(ψ−ϕ) sin θ
2
,
(3.10)
with
ρ2 = 2 (r−M)M , r > M = 1
2
√
λ
, (3.11)
the Taub-NUT metric
ds2 = 2hjidf
idfj + gijdf
idfj + gijdfidfj , (3.12)
becomes
ds2 =
(r +M)
2 (r−M)dr
2 + 2
(r−M)
(r +M)
(dψ + cos θdϕ)2
+
(
r2−M2)
2
(
dθ2 + sin2 θdϕ2
)
. (3.13)
This expression of the metric is precisely the standard form of the Taub-NUT metric
where the singularity is manifestly exhibited in real coordinates [34]. Moreover, from
(3.11), we learn that the coupling constant λ is proportional to the mass M of the Taub-
NUT black hole with horizon at r =M . Notice that the origin of the conic field variable
ρ = 0 corresponds exactly to the singularity r = M . So, the field modulus ρ can be
interpreted as describing fluctuations near the Taub-NUT horizon.
(2) The metric (3.12) can be rewritten in an other equivalent form as follows:
ds2 = Giα,jβdξ
iαdξjβ , (3.14)
with ξiα standing for the SU (2)× SU (2) doublet (f i, f i) and where the tensor Giα,jβ is
given by the 4× 4 matrix,
Giαjβ =
(
gij h
j
i
h
j
i g
ij
)
. (3.15)
This way of writing the metric Giα,jβ is interesting since it allows to express it in terms
of vielbeins Ekγiα as Giαjβ = E
kγ
iαE
lδ
jβεklεγδ with
E
kγ
iα =
 δ
k
i (2+λff)−λfif
k
2
√
1+λff
λfif
k
2
√
1+λff
− λfifk
2
√
1+λff
δki (2+λff)+λfifk
2
√
1+λff
 . (3.16)
Following [32], the hyperKahler 2- form Ω(kl) reads as,
Ω(kl) = 1
1+λρ2
(
εγδE
(kγ
iα E
l)δ
iβ
)
dξiα ∧ dξjβ . (3.17)
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As we see, this 2-form is given by the irreducible isotriplet factor of the following reducible
quaternionic 2- form
Ωkl = dξiα ∧ dξjβ
(
1
1+λρ2
εγδE
kγ
iαE
lδ
iβ
)
. (3.18)
The extra irreducible term, namely the isosinglet
Ω0 = Ωklεkl,
can be also written as dξiα ∧ dξjβ
(
1
1+λρ2
Giαjβ
)
. As we will see in the discussion section,
this term may be interpreted in terms of the flux of the NS-NS antisymmetric B- field.
4 Quaternionic 2- form
In this section, we want to give a geometric interpretation of the Taub-NUT geometry
discussed in the above section in terms of the periods φa of the quaternionic form Ωa
like,
φa =
∫
C2
Ωa , (4.1)
where the real 2-cycle C2 will be specified later on.
Using the homomorphism SO (4) ≃ SU (2)× SU (2), we can rewrite the field moduli φa
and the quaternionic 2- form Ωa like,
φij =
4∑
a=1
(σa)ij φ
a ,
Ωij =
4∑
a=1
(σa)ij Ω
a .
(4.2)
The analysis to be given in this section can be also viewed as a first step towards the study
of the Un (1) supersymmetric model based on the moduli space (1.2). The non linear
Un (1) supersymmetric sigma model in six dimension and the underlying hyperKahler
metric (3.12) will be studied in the next sections.
To that purpose, we first study the quaternionic 2- form by borrowing methods from
Kahler geometry and type II superstring compactification on Calabi-Yau threefolds.
Then, we consider the derivation of the HSS potential (1.5).
4.1 Quaternionifying the hyperKahler form
We begin by describing the complexified Kahler 2- form in type IIA superstring on
Calabi-Yau threefolds. Then we study the case of 10D type IIA superstring on K3.
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Complexified Kahler 2- form
In 10D type IIA superstring on Calabi-Yau threefolds X3, the usual Kahler form on X3
K = Ω(1,1) , (4.3)
gets complexified by the implementation of the NS-NS B- field as follows
J = BNS + iK . (4.4)
The Kahler moduli za capturing the Kahler deformations of the Calabi-Yau threefold
are given by the periods
za =
∫
Ca2
J , (4.5)
where Ca2 is a real 2-cycle basis of the second homology of X3. The holomorphic prepo-
tential F (z) is given by
F (z) =
∫
X3
J ∧ J ∧ J , (4.6)
which, up on using the tri-intersection tensor dabc, gives the well known relation
F (z) =
h
(1,1)
X3∑
a,b,c=1
dabcz
azbzc . (4.7)
Below, we will show that the analog of this relation in the case of 10D type IIA super-
string on K3 is precisely given by eq(1.5).
From HyperKahler 2- form to quaternionic Ωa
To begin recall that in the case of the complex surface K3, the complex 2- forms
Ω+ = Ω(2,0) , Ω− = Ω(0,2) , (4.8)
and the Kahler 2- form
Ω0 = Ω(1,1) , (4.9)
are in the same cohomology class H2 (K3). This property reflects the fact that K3 has
a hyperKahler structure described by the isotriplet
Ω(ij) ≡
 Ω
+
Ω0
Ω−
 . (4.10)
In 10D type IIA superstring on K3, the hyperKahler 2- form Ω(ij) gets quaternionified
as follows
Ωij = BNSεij + Ω(ij) , (4.11)
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where the singlet BNS stands for the NS-NS antisymmetric 2-form B- field of the non
chiral 6D N = 2 supergravity theory. The above relation can be also put in the equivalent
form
Ωa =
4∑
a=1
σaijΩ
ij , (4.12)
where σaij are the usual Pauli 2× 2 matrices.
4.2 Periods
The scalar fields φaI of the hypermultiplets H6D,N=1 (2.9-2.11) have a geometric inter-
pretation in terms of periods of the above quaternionic 2-form Ωa. We have
φaI =
∫
CI2
Ωa , (4.13)
where CI2 is a generic real 2-cycle of the H
(1,1) (K3) Dalbeault homology of K3. For a
given 2- cycle C2, the above relation simplifies as
φa =
∫
C2
Ωa , (4.14)
and is associated with Taub-NUT geometry. Indeed, using eq(4.12), we can rewrite the
above relation like,
f
i
fj = 1
i
∫
C2
Ωij , (4.15)
where we have used the complex coordinates φij = i f
i
fj . Multiplying both sides of this
relation by the harmonic variables u+k u
+
l , we can put the it in the form,
f˜
+
f+ = 1
i
∫
C2
Ω++ , (4.16)
with w++ = f˜
+
f+ and
Ω++ = u+k u
+
l Ω
kl ,
w++ = u+k u
+
l f˜
k
f l ,
(4.17)
satisfying the obvious identity
u+i ∂
∂u−i
Ω++ = ∂++Ω++ = 0 ,
u+i ∂
∂u−i
w++ = ∂++w++ = 0 ,
(4.18)
which should be associated with the conservation law of the HSS current (8.2). Thinking
about eq(4.16) as the leading θ+- component of Φ˜
+
Φ+ (8.3), we can promote it to the
following superfield relation
T++ =
∫
C2
J ++ ,
T++ = iΦ˜
+
Φ+ ,
(4.19)
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satisfying
D++T++ = 0 , D++J ++ = 0 . (4.20)
Moreover, denoting by ω the real 2-form which is dual to the 2-cycle C2 involved in
(4.14); ∫
C2
ω = 1 , (4.21)
with the normalization ∫
CY 2
ω ∧ ω = 1 , (4.22)
then we have
J ++ = T++ω = iΦ˜+Φ+ω . (4.23)
Now computing the analog of (4.6), it is not difficult to see that the HSS Lagrangian
(1.6) may be defined as
L+41 = λ2
∫
CY 2
J ++ ∧ J ++ . (4.24)
Substituting J ++ by its expression T++ω and using the normalization (4.22), we obtain
precisely the HSS potential of the Taub-NUT model namely
L+41 = λ2 (T++)2 = −λ2
(
Φ˜
+
Φ+
)2
. (4.25)
Now we turn to study the generic case.
4.3 Deriving the HSS prepotential (1.5)
The above analysis extend naturally to the case of 10D type IIA superstring on K3.
There, eq(4.19) and the hypermultiplet coupling L+41 (4.24-4.25) generalizes as follows:
(i) Instead of one super- current T++, we have twenty HSS conserved currents T++I ,
D++T++I = 0 , I = 1, ..., 20 , (4.26)
given by
T++I = iT r
(
Φ˜
+
HIΦ+
)
. (4.27)
They are expressed in terms of the twenty hypermultiplets
Φ+A , Φ˜+A , A = 1, ..., 20 , (4.28)
and the Cartan generators
{
HI
}
of the U (20) isotropy group of the scalar manifold
SU(2,20)
S[U(2)×U(20)] . Similarly as in eq(4.19), we also have
T++I =
∫
CI2
J ++ , I = 1, ..., 20 , (4.29)
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where CI2 is a generic real 2-cycle of H(1,1) (K3). Using the duality relation,∫
CI2
ωK = δ
I
K , (4.30)
and the intersections, ∫
K3
ωI ∧ ωJ = gIJ , (4.31)
with real intersection matrix gIJ = gJI , we can rewrite the HSS 2-form J ++ like
J ++ =
20∑
I=1
T++IωI =
20∑
I=1
ωITr
(
Φ˜
+
HIΦ+
)
. (4.32)
Furthermore, using (4.24), we can compute the HSS prepotential
L4+20 = λ2
∫
K3
J ++ ∧ J ++ . (4.33)
Substituting J ++ by its expression eq(4.32), we obtain the following HSS Lagrangian
density,
L4+20 = λ2
(
20∑
I,J=1
gKLT
++KT++L
)
, (4.34)
or equivalently
L4+20 = -λ2
20∑
I,J=1
[
Tr
(
Φ˜
+
HKΦ+
)]
gKL
[
Tr
(
Φ˜
+
HLΦ+
)]
. (4.35)
In the next section, we compute the metric associated with this HSS Lagrangian density.
Below, we relax the above hypermultiplets self- coupling (4.35) to generic integers n ≥ 1
dealing with the scalar manifold (1.2). The corresponding HSS prepotential will be
denoted as L4+n .
5 Un (1) supersymmetric model
In the N = 1 formalism of the Coulomb branch of the non chiral 6D N = 2 supergravity
with generic n Maxwell supermultiplets (2.9), the self- couplings of the hypermultiplets{
Φ+A
}
is given by the Lagrangian density,
Ln (x) =
∫
S2
du Ln (x, u) , (5.1)
with
Ln (x, u) =
∫
d4θ+
(
n∑
A=1
Φ˜+AD
++Φ+A + λ
2
n∑
K,L=1
gKLT
++KT++L
)
, (5.2)
where the HI ’s are the generators of the U (n) group and T++I = −iTr
(
Φ+HIΦ˜+
)
.
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5.1 Symmetries
The HSS Lagrangian density (5.2) has the following continuous symmetries:
(1) It has a manifest 4D N = 2 (or equivalently 6D N = 1 ) supersymmetry captured
by the superfield formulation.
(2) It has a manifest SUR (2) symmetry captured by the charges of the harmonic variables
u±. The total charge of Ln should be zero knowing that the charge of the measure is
QUC(1)
(
d4θ+
)
= −4. This charge is balanced by the charge of the HSS prepotential; i.e:
QUC(1) (L+4n ) = +4 since
[D0,L+4n ] = 4L+4n . (5.3)
The SUR (2) invariance will be explicitly exhibited after integration with respect to the
harmonic variables u±.
(3) It has a manifest Un(1) global invariance acting by changing the phases of the HSS
superfields as follows,
Φ+′ = eiHΦ+ , Φ˜+′ = e−iHΦ˜+ , (5.4)
with
H =
∑n
I=1ΛIH
I ,
[
HI ,Φ+A
]
= qIAΦ
+
A . (5.5)
To be more explicit, we choose the charges qIA of the hypermultiplets with respect to the
U (1) generators HI as follows:
(
qIA
)
=

1 −1 0 · · · 0 0 0
0 1 −1 · · · 0 0 0
0 0 0
. . . 0 0 0
0 0 0 0 1 −1 0
1 1 1 1 1 1 1
 . (5.6)
(4) It has a manifest global U (n) invariance acting by n× n unitary matrices U and U †
as given below
Φ+′ = U Φ+ , Φ˜+′ = Φ˜+U † , (5.7)
with U †U = I. Before going ahead notice the two following:
First, the group Un(1) of eq(5.4) is the maximal abelian subsymmetry of the U (n) group.
Its local version (D++ΛI = 0) is associated with the Coulomb branch of the 6D N = 2
supergravity theory.
Second, the U (n) invariance allows to extend eq(5.2) to the more general relation
L+4non abelian = −λ2
∑
K,L
gKLT
++KT++L − λ
2
∑
K,α
gKαT
++KT++α
−λ
2
∑
α,β
gαβT
++αT++β ,
(5.8)
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where gKα and gαβ are coupling constants, T
++K associated with the Cartan basis as in
eq(4.27) and where
T++α = Tr
(
Φ+EαΦ˜+
)
. (5.9)
In this relation, the Eα matrices stand for generic step operators of the U (n) isotropy
group. Recall in passing that the set
{
HI , Eα
}
define the n + (n2 − n) = n2 generators
of the u (n) algebra. Invariance under U (n) follows from the trace property
Tr
(
UΦ+EαΦ˜+U †
)
= Tr
(
Φ+EαΦ˜+
)
. (5.10)
Below, we focus our attention on eq(5.2); i.e gKα = gαβ = 0; but notice that the general
case where gKα 6= 0, gαβ 6= 0 is also an interesting issue as it concerns the non abelian
extension.
Equations of motion
The equations of motion of the hypermultiplets Φ+A and Φ˜+A following from the variation
of the Lagrangian density (5.2), can be put in the form,
(D++ − λT++) Φ+ = 0 ,
(D++ + λT++) Φ˜+ = 0 ,
(5.11)
with
T++ =
n∑
I=1
T++I H
I =
n∑
I=1
T++IHI , (5.12)
and where we have set
HI = gIJH
J , T++I = gIJT
++J , gIJg
JK = δKI . (5.13)
Expanding Φ+ and Φ˜+ as in eqs(2.23,2.26), we can write down the component field eqs
of motion. To that purpose, it is interesting to expand T++ (5.12) as
1
i
T++ = w++ + θ+2M+ θ
+2
N+ iθ+σµθ
+
Aµ + θ
+2θ
+2
P−−, (5.14)
where, for simplicity, the fermionic contribution have been dropped out and where
w++ =
n∑
I=1
w++IHI , Aµ =
n∑
I=1
AIµHI ,
M =
n∑
I=1
M IHI , N =
n∑
I=1
N IHI ,
(5.15)
with
w++I = q˜+HIq+ ,
M I =
(
q˜+HIF− − G˜−HIq+
)
,
N I =
(
q˜+HIG− − F˜−HIφ+
)
,
AIµ =
(
q˜+HIB−µ + B˜
−
µH
Iφ+
)
,
(5.16)
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as well as ∂++w++I = 0 and ∂++AIµ = 2i∂µ
(
w++I
)
. Then put these relations back into
eq(5.11), we obtain the component field eqs of motion: The leading term in θ+ gives,
(D++ − λw++) q+ = 0 , (5.17)
where w++, valued in the Cartan subalgebra of the U (n) group, is as in eqs(5.15-5.16).
The term in θ+σµθ
+
gives,
[∂++ − λw++] B−µ − λAµq+ = 2∂µq+ , (5.18)
where w++ and Aµ are given by eqs(5.15-5.16). The terms in θ
+2 and θ
+2
give the
equations of motion of the auxiliary fields F− and G−,
[∂++ − λw++] F− − λMq+ = = 2∂τq+ ,
[∂++ − λw++] G− − λNq+ = = 2∂τ¯q+ ,
(5.19)
with τ = (x5 + ix6). These fields are irrelevant for the determination (1.10). They will
be ignored below.
The last relation corresponds to the term θ+2θ
+2
; it gives the space time dynamics of
the propagating scalars; this equation is also not needed for the determination of (1.10).
5.2 Solving the constraint eqs(5.17-5.18)
The working of the solution of eqs(5.17) and (5.18) is very technical. For simplicity,
we will focus below on the main steps and focus on the results. The details of the
computations are presented in the appendix B.
The solution of eq(5.17) expressing q+ (x, u) in terms of
(
f i (x) , f i (x)
)
and the harmonics
u±i reads as
q+ = u+i f
i exp
(
λ
2
2∑
k,l=1
u+(ku
−
l)
n∑
I=1
[
Tr
(
f
k
HI f
l
)]
HI
)
,
q˜+ = u+i f
i
exp
(
−λ
2
2∑
k,l=1
u+(ku
−
l)
n∑
I=1
[
Tr
(
f
k
HI f
l
)]
HI
)
.
(5.20)
In the limit where the coupling constant λ −→ 0, we recover the free fields q+ = u+i f i (x).
To get the solution of eq(5.18), we need several steps (see appendix B for details): First
use the Un (1) symmetry to make the change
B−µ = e
λwC−µ , B˜
−
µ = e
−λwC˜
−
µ , (5.21)
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where w is as in eq(9.2) and where C−µ is the new auxiliary field satisfying the differential
equation,
∂++C−µ − λAµf+ = 2∇µf+,
∂++C−µ + λAµf
+
= 2∇µf+, (5.22)
with
∇µf+ = [∂µ + λ (∂µw)] f+ ,
∇µf+ = [∂µ − λ (∂µw)] f+ .
(5.23)
We also have the decomposition Aµ =
∑n
I=1A
I
µHI with
AIµ = C˜
−
µH
If+ + f˜
+
HIC−µ . (5.24)
The next step is to use the identity λAµf
+ = λ∂++ (ϑµf
− + ∂µw−−f+) to solve eq(5.22)
like,
C−µ = 2∂µf
− + λϑµf− + λ (∂µw−−) f+ ,
C˜
−
µ = 2∂µ˜f
− − λϑµ˜f− − λ (∂µw−−) f˜+ .
(5.25)
To determine the quantity ϑµ, we have to compute the term f˜
+
HIC−µ +C˜
−
µH
I f+ by using
eqs(5.25) and derive a constraint equation that allows us to fix ϑµ. We have
f˜
+
HIC−µ = 2˜f
+
HI∂µf
− + λϑµJ
(˜
f
+
HIHJ f−
)
+ 2λ∂µw
−−
J
(˜
f
+
HIHJ f+
)
,
C˜
−
µH
If+ = 2∂µ˜f
−
HIf+ − λϑµJ
(˜
f
−
HJHIf+
)
− 2λ∂µw−−J
(˜
f
+
HJHIf+
)
.
(5.26)
For simplicity of the equations, it is convenient to introduce the following conventional
notations:
Q±AI = u
±
i Q
iA
I ≡ (f±HI)A ,
Q˜
±I
B = u
±
i Q
iI
B ≡
(˜
f
±
HI
)
B
,
(5.27)
with
QiAI = (HI)
A
C f
iC ,
Q
I
jB = fjD
(
HI
)D
B
,
RAB = Q
I
iBQ
iA
I .
(5.28)
Using these fields, one can build the following composites
Q
I
iBQ
iA
I , Q
iA
I Q
J
jB , Q
iA
I Q
kC
J , Q
I
jBQ
J
lD . (5.29)
For n = 1, the unique Cartan generator reduces to the identity operator, H1 = I, the
fields QiAI reduce down to f
i and eqs(5.29) to
Q
I
iBQ
iA
I → f if i , QiAI Q
J
jB → f ifj ,
QiAI Q
kC
J → f ifk , QIjBQJlD → fjfl .
(5.30)
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Using the field moduli Q± and Q˜
±
, we can rewrite eqs(5.26) like,
Q˜
+I
C−µ = 2Q˜
+I
∂µf
− + λϑµJ
(
Q˜
+I
Q−J
)
+ λ∂µw
−−
J
(
Q˜
+I
Q+J
)
,
C˜
−
µQ
+I = 2∂µ˜f
−
Q+I − λϑµJ
(
Q˜
−J
Q+I
)
− 2λ∂µϕ−−J
(
Q˜
+J
Q+I
)
.
(5.31)
Next, adding the two relations and using eq(5.24), we get
E IJϑJµ = υIµ , (5.32)
with
υIµ =
(
QiAI∂µf iA −QIiA∂µf iA
)
,
E IJ =
[
δIJ + λQiAJQ
iAI
]
.
(5.33)
Using eq(5.27), these relations can be also put in the equivalent form
υIµ =
(
f iHI∂µf i − fiHI∂µf i
)
,
E IJ =
[
δIJ + λQiAJQ
iAI
]
.
Then, the solution of ϑIµ reads as,
ϑJµ = FJI vIµ , FJI E IK = δIK . (5.34)
Notice that for the leading case n = 1, eqs(5.33-5.34) reduce to
υIµ → υµ =
(
f i∂µfi − f i∂µf i
)
, E IJ → E =
[
1 + λf if
i
]
,
and
FJI → F = 1[1+λfifi] , EF = 1 . (5.35)
Notice moreover that because of the property fiHJH
I f i = f iH
IHJ f
i, we have the identity
QiAJQ
iAI = Q
I
iAQ
iA
J .
The solution C−Aµ (x, u) and C˜
−
µB (x, u) read, in terms of Q
±
J , as
C−Aµ = 2∂µf
−A + λFJI υIµQ−AJ + λQ+AJ Q˜
−J
B
(
∂µf
−B)
+λQ+AJ Q
−BJ
(
∂µ˜f
−
B
)
,
(5.36)
and
C˜
−
µA = 2∂µ˜f
−
A − λFJI υIµQ˜
−
AJ − λQ˜
+
AJQ
−BJ
(
∂µ˜f
−
B
)
−λQ˜+AJQ˜
−J
B
(
∂µf
−B) . (5.37)
The harmonic dependence of the fields C−Aµ = C
−A
µ (x, u) and C˜
−
µA = C˜
−
µA (x, u) is as
follows
C−Aµ (x, u) = u
−
i CiAµ (x) + u−(iu−j u+k)C(ijk)Aµ (x) , (5.38)
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with
CiAµ = 2∂µf iA + λFJI υIµQiAJ
+λ
3
QjAJ Q
J
jB
(
∂µf
iB
)
+ λ
3
Q
iJ
BQ
jA
J
(
∂µf
B
j
)
+λ
3
QjAJ Q
BJ
j
(
∂µf
i
B
)
+ λ
3
QiBJQjAJ
(
∂µfjB
)
.
(5.39)
Analogous relations for CµiA and C(ijk)Aµ , Cµ(ijk)A are given in appendix B.
6 Computing the metric
Starting from the superfield relation (5.2) and performing the integration with respect
to the Grassmann variables θ+ and θ
+
, we obtain the following component field action,
Sn = 1
2
∫
d4x
[∫
S2
du
n∑
A=1
(
B−Aµ ∂
µq˜+A − B˜
−
µA∂
µq+A
)]
. (6.1)
This action still depends on the auxiliary fields B−Aµ and the harmonic variables. To get
the space time field action,
Sn = 1
2
∫
d4x
(
2hjBiA ∂µf
iA∂µfjB + giAjB∂µf
iA∂µfjB + giAjB∂µfiA∂
µfjB
)
, (6.2)
we have to eliminate the B−Aµ ’s and integrate with respect the harmonic variables u
±.
Substituting B−Aµ and q
+A by of their expressions in terms of C−Aµ and f
+A given by
eqs(5.20,5.21,5.36,5.37), we can put Sn as
S = 1
2
∫
d4x [Ln1 (x) + Ln2 (x)] (6.3)
with
Ln1 (x) =
∫
S2
du
(
C−Aµ ∂
µ˜f
+
A − C˜
−
µA∂
µf+A
)
,
Ln2 (x) = −λ
∫
S2
du
[(
Q˜
+
IAC
−A
µ + C˜
−
µAQ
+A
I
) (
∂µwI
)]
,
(6.4)
and wI as in eq(8.8).
Substituting C−Aµ and C˜
−
µA by their expressions in terms of the propagating fields and
integrating with respect to the harmonic variables, we find, after some algebra given in
appendix B, subsection B2, that Ln1 reads as
Ln1 = −2∂µf iA∂µf iA + λ2N lDkC∂µfkC∂µflD
−λ
2
UkClD∂µfkC∂µf lD − λ2UkClD∂µf lD∂µfkC ,
(6.5)
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with
N lDkC = FJI QlDJ Q
I
kC + FJI QkCJQlDI
+
(
Q
lJ
CQ
D
kJ
)
−
(
Q
J
iCQ
iD
J
)
δlk ,
UkC,lD = FJI QlDJQ
I
kC
+1
2
(
Q
J
kDQlCJ
)
− 1
2
(
Q
J
iDQ
i
CJ
)
εkl ,
UkC,lD = FJI QkCJ QlDI
+4ξ
(
QlCJQkDJ
)− 4ξ (QCJi QiDJ ) εkl .
(6.6)
In the particular case where n = 1, these quantities reduce to
N lk = 2f
lfk
1+λff
+ f
l
fk − δlkf if i ,
Ukl = flfk1+λff + 12 fkf l ,
Ukl = fkfl
1+λff
+ 1
2
f lfk ,
(6.7)
A similar analysis shows that the term Ln2 eq(9.38) has the form
Ln2 = −λ2 ÛkC,lD∂µfkC∂µf lD − λ2 ÛkC,lD∂µf lD∂µfkC
+λ
2
Nˆ lDkC∂µfkC∂µf lD ,
(6.8)
with
Nˆ lDkC = λ
(
Q
l
CIQ
DI
k −QiCIQiDIδlk
)
,
ÛkC,lD = λ2
(
QlCIQ
I
kD −QiCIQIiDεkl
)
,
ÛkC,lD = λ
2
(
QlCI Q
kDI −QCiIQiDIεkl
)
.
(6.9)
In the case n = 1, these tensors reduce to
Nˆ lk = λ
(
f
l
fk − δlkff
)
, Ûkl = λ2 f lfk , Ûkl = λ2 f lfk . (6.10)
the U n (1) hyperKahler metric
Adding eqs(6.5-6.6) and eqs(6.8-6.9), we get the total Lagrangian density
Ln = +g
kc,ld∂µfkc∂
µfld + gkc,ld∂µf
ld∂µfkc
+2hldkc∂µf
kc∂µfld ,
(6.11)
with
2hlDkC = −2δlkδDC + λ2
(
N lDkC + Nˆ
lD
kC
)
,
gkC,lD = −λ
2
(
UkC,lD + ÛkC,lD
)
,
gkC,lD = −λ2
(
UkC,lD + ÛkC,lD
)
.
(6.12)
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Substituting N lDdkC and Nˆ
lD
kC by their expressions (6.6-6.9) and using the relation FJI EKJ =
δKI , we get the following explicit field relation of the metric components:
hlDkC = −δlk
(
δDC +
λ
2
QiCIQ
iDI
)
+λ
2
FJI
([
Q
I
kCQ
lD
J + EKJ Q
l
CIQ
DK
k
])
,
(6.13)
and
gkC,lD = −λ
2
FJI
[
QkCJ Q
lDI + EKJ QlCI QkDK + EKJ QCiIQiDKεkl
]
,
gkC,lD = −λ2FJI
(
QlDJQ
I
kC + EKJ QlCIQ
K
kD + EKJ Q
i
CIQ
K
iDεkl
)
.
(6.14)
In the special case n = 1, these relations reduce to,
hlk = −2δlk
(
1 + λff
)
+ λ
(
1+(1+λff)
1+λff
)
f lfk ,
gkl = −λ2
1+(1+λff)
1+λff
fkf l ,
gkl = −λ
2
1+(1+λff)
1+λff
fkf l ,
(6.15)
where we have used the identity f
l
fk = f
lfk − δlk
(
ff
)
. Comparing this expression with
eq(3.9), we recover exactly the Taub-NUT metric.
Furthermore substituting QiAI and Q
I
jB by their expressions in terms of f
iA, fiA and the
Cartan matrices HI , we can rewrite the metric components h
lD
kC, g
kClD and gkClD as
follows :
(i) component hlDkC
hlDkC = +δ
l
k
(
δDC +
λ
2
f iAf
iBgIJ
(
HI
)A
C
(
HJ
)D
B
)
−λ
2
FJI
([
fkAf
lBgJL
(
HI
)A
C
(
HL
)D
B
])
−λ
2
FJI
[(
EKJ f
l
Af
D
k gIL
(
HL
)A
C
(
HK
)D
B
)]
.
(6.16)
where the n× n matrices EJI and FKJ are given by
EJI =
[
δJI + λTr
(
fHIH
J f
)]
, EJI FKJ = δKI . (6.17)
(ii) component gkClD
gkClD = +λ
2
FJI
[
fkAf lB
(
gJL
(
HL
)C
A
(
HI
)D
B
)]
+λ
2
FJI
(
f lAfkB
[
EKJ gIL
(
HL
)C
A
(
HK
)D
B
])
+λ
2
FJI
[
fjAf ik
(
EKJ gIL
(
HL
)C
A
(
HK
)D
B
)
εklεij
]
.
(6.18)
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(iii) component gkClD
gkClD = +
λ
2
FJI
[
f lBf
I
kAgJL
(
HL
)B
D
(
HI
)A
C
]
+λ
2
FJI
(
f lAfkB
[
EKJ gIL
(
HL
)A
C
(
HK
)B
D
])
+λ
2
FJI
[
fjAfiB
(
EKJ gIL
(
HL
)A
C
(
HK
)B
D
)
εklε
ij
]
,
(6.19)
which just the hermitian conjugate of gkClD. In the limit λ → 0, one recover the free
field theory and for n = 1 the Taub-NUT geometry.
7 Conclusion and discussion
Freezing the dynamics of the dilaton σ and using rigid harmonic superspace (HSS )
method, we have computed in this paper the explicit expression of the metric of the real
eighty dimensional moduli space MN=26D of the 10D type IIA superstring on K3. This
hyperkahler metric has the following form
ds280 =
2∑
k,l=1
(
20∑
A,B=1
2hlAkBdf
kBdflA + g
kBlAdfkBdf lA + gkBlAdf
lAdfkB
)
, (7.1)
and should be put in correspondence with the Kahler metric of the Coulomb branch of
the moduli space of 10D type IIA superstring on Calabi-Yau threefolds,
ds2Kahler =
nv∑
a,b=1
gab¯dz
adz¯b , gab¯ =
∂2K
∂za∂z¯b
. (7.2)
We have also shown that the metric (7.1) is a particular member of a family of hy-
perKahler metrics (6.16-6.19) of 4n dimensional manifolds with Un (1) gauge symmetry
whose leading term is given by the well known real four dimensional Taub-NUT geom-
etry associated with eqs(1.7-1.8).
The dynamics of the dilaton σ can be directly implemented in the supergravity field
action along the line given in [8]. In particular we have for the moduli space SO (1, 1)×
U(2,20)
S(U(2)×U(20)) the following result,
ds281 = (dσ)
2 − e−2σds280 . (7.3)
With the analysis given in this study, we have learnt as well that supersymmetry plays a
central role in the metric building of the moduli spacesMN=24D andM
N=2
6D of the Coulomb
branches of the 4D N = 2 and non chiral 6D N = 2 supergravity theories. We also
learnt that the constructions are quite similar.
To explicitly exhibit the similarities between the ways to get the two kinds of metrics, we
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give below a comment regarding this issue. First, we recall the geometric set up of the
moduli spaces MN=24D and M
N=2
6D of the two supergravity theories. Then, we describe
the way the metrics of the scalar manifolds MN=24D and M
N=2
6D can be engineered by
combining geometry and supersymmetry in 4D and 6D respectively.
(1) Geometry of scalar spaces
First recall that moduli space of 10D type II superstring on Calabi-Yau threefolds has
two branches: a Kahler branch with scalar manifold MN=24D and complex a one with a
hyperKahler structure [35, 36]. Notice also that in 10D type IIA superstring on K3,
the scalar manifold MN=26D is hyperKahler since complex and Kahler deformations of the
metric combine to make a hyperKahler structure. The general picture giving the 4D/6D
correspondence is schematized in the following table:
4D N = 2 sugra ←→ 6D N = 2 sugra
Type II on CY3 - Type IIA on K3
Kahler
complex
- hyperKahler ≡
{
Kahler
complex
Kahler 2- form: Ω
(1,1)
2
holomorphic form: Ω
(3,0)
3
antiholomorphic: Ω
(0,3)
3
- hyperkahler: Ω(ij)=

Ω
(2,0)
2
Ω
(1,1)
2
Ω
(0,2)
2
Notice that in the case of K3 compactification, Kahler and complex 2-form on K3 are in
the same cohomology class.
(2) Kahler → hyperKahler and beyond
The Kahler and the complexified Kahler structures of the Coulomb branch of vacua in
10D type IIA on CY3 can be put in correspondence with the hyperKahler and quater-
nionified hyperKahler structure of MN=26D as shown in the following table,
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4D N = 2 sugra −→ 6D N = 2 sugra
{
Kahler:
Ω
(1,1)
2 ≡ K
-
{
HyperKahler 2- form:
Ω(ij)
{
Complexified Kahler:
J = BNS + iK
-
{
Quaternionic 2- form:
J ij = BNSε
ij + Ω(ij)
where Ω
(1,1)
2 and Ω
(ij) are as in previous tables and where BNS stands for the NS-NS B-
field. Notice the remarkable role played by the B- field in both cases.
(3) Metrics building
As it is well known, the Kahler metric gab¯ has a nice interpretation in 4D N = 1
superspace. Denoting by Φa a generic chiral superfield with leading component scalar
field za; that is (Φa)θ=0 = z
a, the metric gab¯ can be obtained by integrating out the
Grassmann variables θ in the following superspace relation,
L (x) =
∫
d4θK (Φ, Φ¯) , (7.4)
where K (Φ, Φ¯) is the usual Kahler (super)potential.
HyperKahler metrics are engineered in a quite similar manner; but now by using HSS
method. There, the Lagrangian density L (x) is given by
L (x) =
∫
S2
du
[∫
d4θ+L+4
(
Φ+, Φ˜+
)]
, (7.5)
where Φ+ is a hypermultiplet superfield and L+4
(
Φ+, Φ˜+
)
is the harmonic superspace
Lagrangian density as in eq(1.3).
The hyperKahler metric associated with eq(7.5) is obtained as follows:
(i) first integrate out the Grassmann variables θ+ (7.5) to get the typical relation (6.1).
(ii) Then eliminate the vector auxiliary fields B−Aµ through their eqs of motion.
(iii) Finally integrate out the harmonic variables u± and end with eq(7.1).
In the case of 4D/6D N = 2 supergravity theories embedded in type IIA superstring
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compactifications, we have the following correspondence
4D N = 2 sugra −→ 6D N = 2 sugra
moduli : za =
∫
Ca2
J - φijI =
∫
CI2
J ij
prepotential : F (z) =
{ ∫
CY 3
J ∧ J ∧ J
= dabcz
azbzc
- F ijkl =
{ ∫
CY 3
J ij ∧ Jkl
= gIJφ
ijIφklJ
where dabc are the 3-intersection numbers in the second homology of the Calabi-Yau
threefold and gIJ the 2-intersections of H2 (K3, R).
Moreover, using the fact that Kahler 2-form can be also expressed as K = 1
2
(
J − J), we
have ∫
Ca2
K = 1
2i
(za − z¯a) . (7.6)
Then, Kahler potential K = K (Φ, Φ¯) reads in terms of the usual 4D N = 1 chiral
superfields Φa and Φ¯a as,
eK = i
8
∑
a,b,c
dabc
(
Φa − Φ¯a) (Φb − Φ¯b) (Φc − Φ¯c) . (7.7)
The analogue of the above 4D N = 1 superspace (or equivalently 2D N = 2) relations in
six dimensional space time can be also written down in 6D N = 1 HSS or equivalently
4D N = 2 HSS. There, the analogue of eq(7.6) is obviously given by the hyperKahler
isotriplet moduli
φ(kl)I =
∫
CI2
Ω(kl) . (7.8)
In harmonic superspace, this can be achieved by multiplying both sides of φijI =
∫
CI2
J ij
by the harmonic variable monomial u+i u
+
j to end with,
φ++I =
∫
CI2
Ω++ , BNSε
iju+i u
+
j = 0 , (7.9)
and then the hyperKahler potential,
L4+HK =
∑
I,J
gIJT
++IT++J . (7.10)
In the above relation the HSS superfield T++I is given by the following hypermultiplet
composite
T++I = 1
i
Tr
(
Φ˜+HIΦ+
)
, (7.11)
where HI are the Cartan generators of the U (n) isotropy symmetry of the moduli space.
The T++I ’s obey the HSS conservation laws
D++T++I = 0 , (7.12)
29
and are interpreted as the Noether super- currents in harmonic superspace. This relation
can be also stated as given by the sum of the two following relation,(
D++ − λ∑
I
T++I H
I
)
Φ+ = 0 ,(
D++ + λ
∑
I
T++I H
I
)
Φ˜+ = 0 .
(7.13)
These eqs are precisely the superfield eqs of motion, from which we can read the HSS
superfield action for the hypermultiplets.
We end this study by noting that the analysis given in this paper can be also used to
deal with 10D type IIA on ALE spaces.
Acknowledgement 1 This research work is supported by the programme PROTARS
D12/25/CNRST.
8 Appendix A: U(1) model
To bring the superfield action (3.3) to the component fields form (1.10), we start by
computing the hypermultiplet equations of motion. They are given by
D++Φ+ − λ
(
Φ˜
+
Φ+
)
Φ+ = 0 ,
D++Φ˜ + λ
(
Φ˜
+
Φ+
)
Φ˜
+
= 0 .
(8.1)
Then identify the conserved Noether HSS current T++
D++T++ = 0 , (8.2)
associated with the symmetry (3.5). The super-current T++ can obtained by multiplying
the first relation of the system (8.1) by Φ˜
+
; and the second relation by Φ+. By adding
both relations, we end with the HSS conservation law D++
(
Φ˜
+
Φ+
)
= 0, from which
we learn:
T++ = iΦ˜
+
Φ+ , T˜++ = T++ . (8.3)
Moreover, substituting the superfields Φ+ and Φ˜
+
by their θ+- expansions (2.23,2.25),
we get the following component field relations:
(a) the leading θ+ component (θ+ = 0) gives the field eqs of motion of ∆−−− and its
conjugate ∆˜−−−:
[∂++q+ − λ (q˜+q+)] q+ = 0 ,
[∂++q˜+ + λ (q˜+q+)] q˜+ = 0 .
(8.4)
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These are constraint eqs that fix the dependence of the scalar field q+ in the harmonic
variables u±i ; i.e:
q+ = q+ (x, u±) . (8.5)
(b) the θ+σµθ
+
component of eq(8.2) gives the field eqs of motions of B−µ and B˜
−
µ :
[∂++ − λ (q˜+q+)] B−µ − λ
(
q˜+B−µ + B˜
−
µ q
+
)
q+ = 2∂µq
+ ,
[∂++ + λ (q˜+q+)] B˜
−
µ + λ
(
q˜+B−µ + B˜
−
µ q
+
)
q˜+ = 2∂µq˜
+ .
(8.6)
(c) The θ+2 and θ
+2
components give the eqs of motion of the auxiliary fields F− and
G−. But these relations are irrelevant for the explicit computation the metric (1.10).
They are rather needed for the determination of the scalar potential that follows from
the compactification from 6D down to 4D.
The solution of eq(8.4) is given by,
q+ (x, u) = u+i e
λwf i (x) , (8.7)
with w (w˜ = −w) given by
w = 1
2
(˜
f
−
f+ + f˜
+
f−
)
= 1
2
u+(iu
−
j)f
(i
fj) ,
∂++w = f˜
+
f+ ,
(8.8)
where the complex doublets
f± = u±i f
i , f˜
±
= u±i f¯
i
, (8.9)
are as in eqs(1.10). The solution of eq8.6) is given by,
B−µ (x, u) = e
λwC−µ (x) , (8.10)
The field C−µ is given by
C−µ = 2∂µf
− + λϑµf− + λf+∂µ
(˜
f
−
f−
)
, (8.11)
with
ϑµ =
−1
1+λρ2
(¯
fi∂µf
i − f i∂µ¯f i
)
,
ρ2 = f¯ if
i .
(8.12)
To get this result, we proceed in steps as follows:
(i) compute the θ+- expansion of Φ˜
+
Φ+ by using (2.23-2.26). We have,
Φ˜
+
Φ+ = w++ + θ+2M+ θ
+2
N + iθ+σµθ
+
Aµ + θ
+2θ
+2
P−− , (8.13)
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with
w++ = q˜+q+ ,
M =
(
q˜+F− − G˜−q+
)
,
M˜ =
(
F˜−φ+ − q˜+G−
)
,
N =
(
q˜+G− − F˜−q+
)
,
Aµ =
(
q˜+B−µ + B˜
−
µ q
+
)
,
(8.14)
and
P−− =
(
q˜+∆−3 − ∆˜−3φ+ − F˜−F− − G˜−G− − B˜−µB−µ
)
. (8.15)
We also have
w˜++ = −w++ , A˜µ = Aµ ,
M˜ = −N , P˜−− = −P−− . (8.16)
(ii) use the HSS conservation law D++
(
Φ˜
+
Φ+
)
= 0, which leads, at the level of the
component fields, to:
∂++ (q˜+q+) = 0 ,
∂++Aµ = 2∂µ (q˜
+q+) .
(8.17)
These component fields conservation laws require the factorization (8.7); and allow to
bring Aµ into the simple form
Aµ = f˜
+
C−µ + C˜
−
µ f
+ ,
∂++Aµ = 2∂µ
(˜
f
+
f+
)
.
(8.18)
The second relation of above eqs shows that Aµ can be decomposed like
Aµ = ϑµ + 2∂µw ,
∂++ϑµ = 0 ,
(8.19)
where
w (x, u) = u+(iu
−
j)w
(ij) (x) , (8.20)
is as in eq(8.8).
The extra term ϑµ = ϑµ (x) is an isosinglet; it is determined as follows:
First perform the change B−µ = e
λwC−µ to first bring eqs(8.6) into the simplest form
∂++C−µ − λAµf+ = 2∂µf+ ,
∂++C˜
−
µ + λAµ˜f
+
= 2∂µ˜f
+
.
(8.21)
Substituting,
Aµf
+ = ∂++ (ϑµf
− + 2f+∂µw−−) ,
Aµ˜f
+
= ∂++
(
ϑµ˜f
−
+ 2˜f
+
∂µw
−−
)
,
∂++w−− = w ,
w−− = 1
2
(˜
f
−
f−
)
,
(8.22)
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we obtain,
C−µ = 2∂µf
− + λϑµf− + 2λf+ (∂µϕ−−) ,
C˜
−
µ = 2∂µ˜f
− − λϑµ˜f− − 2λ˜f+ (∂µϕ−−) .
(8.23)
Multiplying the first eq by f˜
+
and the second by f+; we obtain
f˜
+
C−µ = 2˜f
+
∂µf
− + λϑµ˜f
+
f− + 2λ˜f
+
f+ (∂µw
−−) ,
f+C˜
−
µ = 2f
+∂µ˜f
− − λϑµf+˜f− − 2λf+˜f+ (∂µw−−) .
(8.24)
Then adding both eqs, we get,
ϑµ + 2∂µw = 2
(˜
f
+
∂µf
− + f+∂µ˜f
−)− λϑµ (fif i) , (8.25)
from which we get the expression of ϑµ (8.12).
Notice that using 2w−− = f˜
−
f−, we can split the field C−µ (x, u) (8.23) as the sum of two
irreducible components as follows
C−µ (x, u) = u
−
i Ciµ (x) + u−i u−j u+k C(ijk)µ (x) , (8.26)
where
Ciµ = 2∂µf i + λϑµf i + λρ
2
3
∂µf
i + λf
i
fk
3
∂µfk +
λfifk
3
∂µfk ,
C(ijk)µ = λf(ifj∂µfk) + λf(ifj∂µfk) .
(8.27)
Similar relations can be written down for Cµi and Cµ(ijk).
the Taub-NUT metric
By performing the integration of eq(1.8) with respect to the Grassmann variables θ+ and
θ
+
, we first get
L1 = 12
∫
S2
du
(
B−µ ∂
µq˜+ − B˜−µ ∂µq+
)
. (8.28)
Then using the solution (8.7), we can bring the above expression to
L1 = 12
∫
S2
du
[(
C−µ ∂
µ˜f
+ − C˜−µ ∂µf+
)
− λAµ∂µw
]
, (8.29)
where we have used the identity Aµ = f˜
+
C−µ + C˜
−
µ f
+.
Next integrating with respect to the harmonic variables u±, we obtain,
L1 = −14
[(
Ciµ∂
µf i − Ciµ∂µfi
)
+ 4aλ∂µ
(
f(ifj)
)
∂µ
(
f
(i
fj)
)]
, (8.30)
where a = 1
6
; and where we have used∫
S2
du [u+iu−j] = 1
2
εij ,∫
S2
du
[
u+(iu+j)u−(ku
−
l)
]
= 1
3
(
δikδ
j
l + δ
j
kδ
i
l
)
.
(8.31)
Substituting Ciµ by its expression (8.27), we get
L1 = −12
(
g¯ij∂µf
i∂µfj + gij∂µf i∂
µfj + 2h
j
i∂µf
i∂µfj
)
,
with g¯ij, gij and h
j
i as in eqs(3.9).
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9 Appendix B: Un (1) model, n > 1
In appendix B1, we determine the solution of eqs(5.17-5.18) and in appendix B2, we
derive the explicit expression on the component field of the metric of the moduli space
SO(4,20)
SO(4)×SO(20) .
9.1 Solving the constraint eqs(5.17-5.18)
First we consider the solution of eq(5.17). Then we deal with eq(5.18).
Solving eq(5.17)
The solution of q+A, in terms of the fields doublets f±A = u±i f
iA, f˜
±
A = u
±
i f
i
A can be
obtained by factorizing it as follows
q+ = u±i
(
eλwf i
)
,
q˜+ = u±i
(
f
i
e−λw
)
,
(9.1)
where w = w
(
f, f¯
)
is given by
w =
n∑
I=1
wIHI ,
wI = 1
2
u+k u
−
k Tr
(
f
k
HI f l + f
l
HI fk
)
.
(9.2)
Notice that wI has a particular dependence in the harmonic variables; it captures an
SUR (2) isotriplet representation,
wI =
1
2
Tr
(
f
+
HI f
− + f
−
HI f
+
)
. (9.3)
Notice also
∂++wI = w
++
I = Tr
(
f
+
HI f
+
)
, (∂++)
2
wI = 0 ,
∂−−wI = w−−I = Tr
(
f
−
HI f
−
)
, (∂−−)2wI = 0 .
(9.4)
The solution of q+ = q+ (x, u) in terms of
(
f i, f i
)
and the harmonics u±i reads therefore
as
q+ =
[
exp
(
λ
2
2∑
k,l=1
u+(ku
−
l)
n∑
I=1
[
Tr
(
f
k
HI f
l
)]
HI
)]
f iu+i ,
q˜+ =
[
exp
(
−λ
2
2∑
k,l=1
u+(ku
−
l)
n∑
I=1
[
Tr
(
f
k
HI f
l
)]
HI
)]
f
i
u+i .
(9.5)
In the limit λ −→ 0, we recover the free fields q+ = u+i f i (x).
Solving eq(5.18)
To get the solution of eq(5.18), we need several steps:
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(i) Step 1 : We use the Un (1) symmetry of the Lagrangian density and the equations of
motion to make the change of field variables
B−µ = e
λwC−µ ,
B˜
−
µ = e
−λwC˜
−
µ ,
(9.6)
where w is as in eq(9.2) and where C−µ is the new field to determine. This change of field
variables allows us to bring eq(5.18) into the form
∂++C−µ − λAµf+ = 2∇µf+,
∂++C−µ + λAµf
+
= 2∇µf+, (9.7)
where we have set
∇µf+ = [∂µ + λ (∂µw)] f+ ,
∇µf+ = [∂µ − λ (∂µw)] f+ .
(9.8)
We also have
Aµ =
∑n
I=1A
I
µHI ,
AIµ = C˜
−
µH
If+ + f˜
+
HIC−µ ,
(9.9)
which satisfy
∂++AIµ = 2
[
∂µ
(˜
f
+
HI f+
)]
,
= 2∂++
(
∂µw
I
)
.
(9.10)
Eq(9.10) implies in turns (∂++)
2
AIµ = 0; and so can be solved as follows,
AIµ = ϑ
I
µ + 2∂µw
I . (9.11)
The ϑIµ’s are isosinglets,
∂++ϑIµ = 0 ,
ϑµ =
∑n
I=1 ϑ
I
µHI ,
(9.12)
they will be determined in terms of the dynamical scalars f iA.
(ii) Step 2 : We use the identity
λAµf
+ = λ∂++
(
ϑµf
− + ∂µw−−f+
)
(9.13)
to solve eq(9.7) like,
C−µ = 2∂µf
− + λϑµf− + λ (∂µw−−) f+ ,
C˜
−
µ = 2∂µ˜f
− − λϑµ˜f− − λ (∂µw−−) f˜+ .
(9.14)
To determine ϑµ, we compute
(˜
f
+
HIC−µ + C˜
−
µH
I f+
)
by using eqs(9.14) and derive a
constraint equation that allows us to fix ϑµ. We have
f˜
+
HIC−µ = 2˜f
+
HI∂µf
− + λϑµJ
(˜
f
+
HIHJ f−
)
+ 2λ∂µw
−−
J
(˜
f
+
HIHJ f+
)
,
C˜
−
µH
If+ = 2∂µ˜f
−
HIf+ − λϑµJ
(˜
f
−
HJHIf+
)
− 2λ∂µw−−J
(˜
f
+
HJHIf+
)
.
(9.15)
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Before going ahead, it is convenient to simplify a little bit the above relations by using
the following conventional notations:
Q±AI = u
±
i Q
iA
I ≡ (f±HI)A ,
Q˜
±I
B = u
±
i Q
iI
B ≡
(˜
f
±
HI
)
B
,
(9.16)
with
QiAI = (HI)
A
C f
iC ,
Q
I
jB = fjD
(
HI
)D
B
,
RAB = Q
I
iBQ
iA
I .
(9.17)
From these fields, one can build the following quantities
Q
I
iBQ
iA
I , Q
iA
I Q
J
jB ,
QiAI Q
kC
J , Q
I
jBQ
J
lD ,
(9.18)
Notice that for n = 1, we have H1 = I, and the fields Q
iA
I reduce to f
i and eqs(9.18) to
Q
I
iBQ
iA
I → f if i , QiAI Q
J
jB → f ifj ,
QiAI Q
kC
J → f ifk , Q
I
jBQ
J
lD → fjfl .
(9.19)
Using these new field moduli, we can rewrite eqs(9.15) like,
Q˜
+I
C−µ = 2Q˜
+I
∂µf
− + λϑµJ
(
Q˜
+I
Q−J
)
+ λ∂µw
−−
J
(
Q˜
+I
Q+J
)
,
C˜
−
µQ
+I = 2∂µ˜f
−
Q+I − λϑµJ
(
Q˜
−J
Q+I
)
− 2λ∂µϕ−−J
(
Q˜
+J
Q+I
)
.
(9.20)
Next, adding these two relations and using eq(9.9), we end with
ϑIµ =
(
QiAI∂µf iA −QIiA∂µf iA
)
− λϑJµ
(
QiAJQ
iAI
)
, (9.21)
which can be also rewritten as
E IJϑJµ = υIµ, (9.22)
with
υIµ =
(
QiAI∂µf iA −QIiA∂µf iA
)
,
E IJ =
[
δIJ + λQiAJQ
iAI
]
.
(9.23)
Using eq(9.16), these relations can be also put in the equivalent form
υIµ =
(
f iHI∂µf i − f iHI∂µf i
)
,
E IJ =
[
δIJ + λQiAJQ
iAI
]
.
(9.24)
Thus, the solution of ϑIµ reads as,
ϑJµ = FJI vIµ , FJI E IK = δIK . (9.25)
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Notice that for n = 1, eqs(9.23-9.25) reduce to
υIµ → υµ =
(
f i∂µfi − f i∂µf i
)
,
E IJ → E =
[
1 + λf if
i
]
,
FJI → F = 1[1+λfifi] ,
EF = 1 .
(9.26)
Notice moreover that because of the property,
f iHJH
If i = f iH
IHJ f
i , (9.27)
we have the identity
QiAJQ
iAI = Q
I
iAQ
iA
J . (9.28)
The solution C−Aµ (x, u) and C˜
−
µB (x, u) read, in terms of Q
±
J , as follows:
C−Aµ = 2∂µf
−A + λFJI υIµQ−AJ + λQ+AJ Q˜
−J
B
(
∂µf
−B)
+λQ+AJ Q
−BJ
(
∂µ˜f
−
B
)
,
(9.29)
C˜
−
µA = 2∂µ˜f
−
A − λFJI υIµQ˜
−
AJ − λQ˜
+
AJQ
−BJ
(
∂µ˜f
−
B
)
−λQ˜+AJQ˜
−J
B
(
∂µf
−B) . (9.30)
Like in eq(8.26), these fields obey (∂−−)2C−Aµ = 0; they can be then decomposed in quite
similar manner like
C−Aµ (x, u) = u
−
i CiAµ (x) + u−(iu−j u+k)C(ijk)Aµ (x) , (9.31)
with
CiAµ = 2∂µf iA + λFJI υIµQiAJ
+λ
3
QjAJ Q
J
jB
(
∂µf
iB
)
+ λ
3
Q
iJ
BQ
jA
J
(
∂µf
B
j
)
+λ
3
QjAJ Q
BJ
j
(
∂µf
i
B
)
+ λ
3
QiBJQjAJ
(
∂µfjB
)
,
(9.32)
and
CµiA = 2∂µfiA − λFJI υIµQiAJ
−λ
3
Q
j
AJQ
BJ
j
(
∂µfiB
)− λ
3
QBJi Q
j
AJ
(
∂µfjB
)
−λ
3
Q
j
AJQ
J
jB
(
∂µf
B
i
)− λ
3
Q
J
iBQ
j
AJ
(
∂µf
B
j
)
.
(9.33)
Similar relations may be written down for C(ijk)Aµ and Cµ(ijk)A.
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9.2 Deriving the metric (1.10)
Performing the integration of eq(5.2) with respect to the Grassmann variables θ+ and
θ
+
, we obtain the following action,
Sn = 1
2
∫
d4x
[∫
S2
du
(
B−Aµ ∂
µq˜+A − B˜
−
µA∂
µq+A
)]
. (9.34)
To get the space time field action,
Sn = 1
2
∫
d4x
(
2hjBiA ∂µf
iA∂µfjB + giAjB∂µf
iA∂µfjB + giAjB∂µf iA∂
µfjB
)
, (9.35)
we have to integrate with respect the harmonic variables u±.
To that purpose, we start by substituting B−Aµ and q
+A by of their expressions in terms
of C−Aµ and f
+A (9.5-9.6,9.29). Doing this, we can bring Sn to the form
S = 1
2
∫
d4x [Ln1 (x) + Ln2 (x)] (9.36)
where we have set
Ln1 (x) =
∫
S2
du
(
C−Aµ ∂
µ˜f
+
A − C˜
−
µA∂
µf+A
)
,
Ln2 (x) = −λ
∫
S2
du
[(
Q˜
+
IAC
−A
µ + C˜
−
µAQ
+A
I
) (
∂µwI
)]
,
(9.37)
with wI as in eq(8.8). Notice that using eq(9.9), we also have
Ln2 = −λ
∫
S2
du
(
n∑
I=1
AµI∂
µwI
)
. (9.38)
As the integration with respect to the harmonic variables is technical, let us give details
regarding the explicit calculations of Ln1 and Ln2.
(1) Computing Ln1
Substituting C−Aµ and C˜
−
µA by their expressions (9.29-9.30) in terms of the dynamical
fields f±A and f˜
±
A, we can determine Ln1. The calculations are lengthy, we shall then
proceed by steps. Setting
A1 = C−Aµ ∂µ˜f
+
A , A˜1 = C˜
−
µA∂
µf+A , (9.39)
we first compute their explicit expression in terms of the dynamical fields f± and f˜
±
,
A1 = A1
(
f±, f˜
±)
, A˜1 = A˜1
(
f±, f˜
±)
. (9.40)
Then we integrate with respect to the harmonic variables.
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(i) Computing A1 and A˜1
Putting eqs(9.29-9.30) back into eqs(9.39), we obtain
A1 = 2∂µf−A∂µ˜f+A + λFJI υIµQ−AJ ∂µ˜f
+
A
+λQ+AJ Q˜
−J
B ∂µf
−B∂µ˜f
+
A + λQ
+A
J Q
−BJ∂µ˜f
−
B∂
µ˜f
+
A ,
(9.41)
and
A˜1 = 2∂µ f˜−A∂µf+A − λFJI υIµQ˜−AJ∂µf+A
−λQ˜+AJQ−BJ∂µ f˜−B∂µf+A − λQ˜+AJQ˜−JB ∂µf−B∂µf+A .
(9.42)
In these relations, FJI and υIµ are given by (9.22-9.25) and Q˜
+
AJ and Q
−BJ are as in
eqs(9.16-9.18).
(ii) Integration over S2
The integration of the above eqs with respect to the harmonic variables gives∫
S2
duA1 = CiAµ ∂µf iA ,
∫
S2
duA˜1 = CµiA∂µf iA , (9.43)
where
CiAµ ∂µf iA = −∂µf iA∂µf iA − λ2FJI υIµQiAJ ∂µf iA
+ξλQ˜J(iB∂µf
B
j)Q
(iA
J ∂
µf
j)
A
+ξλQBJ(i ∂µfj)BQ
(iA
J ∂
µf
j)
A ,
and
CµiA∂µf iA = ∂µfiA∂µf iA − λ2FJI υIµQiAJ∂µf iA
−ξλQBJ(i ∂µfj)BQ
(i
AJ∂
µfj)A
−ξλQJ(iB∂µfBj)Q
(i
AJ∂
µfj)A .
(9.44)
For later use it is also interesting to rewrite these relations as follows:
CiAµ ∂µfiA = −∂µf iA∂µf iA − λ2
(FJI QiAJ ) υIµ∂µf iA
+2ξλ
[(
Q
lJ
CQ
D
kJ
)
−
(
Q
J
iCQ
iD
J
)
δlk
]
∂µf
kC∂µflD
+2ξλ
[(
QCJi Q
iD
J
)
εkl − (QlCJQkDJ )] ∂µfkC∂µflD .
(9.45)
with ξ =1
8
, and
CµiA∂µf iA = ∂µfiA∂µf iA − λ2FJI υIµQiAJ∂µf iA
−2ξλ
[(
QDJk Q
l
CJ
)
+
(
QDJi Q
i
CJ
)
δlk
]
∂µfkC∂µflD
+2ξλ
[(
Q
J
kDQlCJ
)
−
(
Q
J
iDQ
i
CJ
)
εkl
]
∂µf
lD∂µfkC .
(9.46)
Subtracting the two terms as in (9.37), we obtain
Ln1 = −2∂µf iA∂µf iA − λ2FJI υIµυµJ
+4ξλ
[(
Q
lJ
CQ
D
kJ
)
−
(
Q
J
iCQ
iD
J
)
δlk
]
∂µf
kC∂µf lD
−2ξλ [(QlCJQkDJ )− (QCJi QiDJ ) εkl] ∂µfkC∂µf lD
−2ξλ
[(
Q
J
kDQlCJ
)
−
(
Q
J
iDQ
i
CJ
)
εkl
]
∂µf
lD∂µfkC .
(9.47)
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Using eqs(9.22-9.25) and the identity
FJI υIµυµJ = FJI QkCJ QlDI∂µfkC∂µflD − FJI QkCJQlDI∂µfkC∂µf lD
−FJI QlDJ Q
I
kC∂µf
kC∂µf lD + FJI QlDJQ
I
kC∂µf
kC∂µf lD ,
(9.48)
we can put L1n like
Ln1 = −2∂µf iA∂µf iA + λ2N lDkC∂µfkC∂µflD
−λ
2
UkClD∂µfkC∂µf lD − λ2UkClD∂µf lD∂µfkC ,
(9.49)
where we have set
N lDkC = FJI QlDJ Q
I
kC + FJI QkCJQlDI
+8ξ
(
Q
lJ
CQ
D
kJ
)
− 8ξ
(
Q
J
iCQ
iD
J
)
δlk ,
UkC,lD = FJI QlDJQ
I
kC
+4ξ
(
Q
J
kDQlCJ
)
− 4ξ
(
Q
J
iDQ
i
CJ
)
εkl ,
UkC,lD = FJI QkCJ QlDI
+4ξ
(
QlCJQkDJ
)− 4ξ (QCJi QiDJ ) εkl .
(9.50)
In the particular case where n = 1, these quantities reduce to
N lk = 2f
lfk
1+λff
+ 8ξ
(
f
l
fk − δlk
(
f if
i
))
,
Ukl = flfk1+λff + 4ξ
(
fkf l
)
,
Ukl = fkfl
1+λff
+ 4ξ
(
f lfk
)
,
(9.51)
where ff stands for f if
i and ξ =1
8
.
(2) Computing Ln2 eq(9.38)
Using eqs(9.29-9.30), we have
Q˜
+
AIC
−A
µ = 2Q˜
+
AI∂µf
−A + λFJI υIµQ˜
+
AIQ
−A
J + λQ˜
+
AIQ
+a
J Q˜
−J
B
(
∂µf
−B)
+λQ˜
+
AIQ
+A
J Q
−BJ
(
∂µ˜f
−
B
)
,
(9.52)
and
C˜
−
µAQ
+A
I = 2∂µ˜f
−
AQ
+A
I − λFJI υIµQ˜
−
AJQ
+A
I − λQ+AI Q˜
+
AJQ
−bJ
(
∂µ˜f
−
B
)
−λQ+AI Q˜
+
AJQ˜
−J
B
(
∂µf
−B) . (9.53)
Putting these relations back into AµI =
(
Q˜
+
AIC
−A
µ + C˜
−
µAQ
+A
I
)
, we obtain
AµI = 2
(
Q˜
+
AI∂µf
−A +Q+AI ∂µ f˜
−
A
)
+λFJI υIµ
(
Q˜
+
AIQ
−A
J − Q˜
−
AJQ
+A
I
)
+λ
(
Q˜
+
AIQ
+A
J − Q˜
+
AJQ
+A
I
)
Q˜
−J
B
(
∂µf
−B)
+λ
(
Q˜
+
AIQ
+A
J − Q˜
+
AJQ
+A
I
)
Q−AJ
(
∂µ f˜
−
A
)
.
(9.54)
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Moreover, using the following identities
Q˜
−
AJQ
+A
I = Q˜
−
AIQ
+A
J ,
Q˜
+
AJQ
+A
I = Q˜
+
AIQ
+A
J ,
Q˜
+
AJQ
+A
I = Q˜
+
AIQ
+A
J ,
(9.55)
the above expression of AµI gets reduced to
AµI = 2
(
Q˜
+
AI∂µf
−A +Q+AI ∂µ f˜
−
A
)
− λFJI υIµ
(
QiAJQ
iA
I
)
. (9.56)
Now using eq(9.38), and substituting AµI , we have
Ln2 = −λ
∫
S2
du
[∑n
I=1 2
(
Q˜
+
AI∂µf
−A +Q+AI ∂µ f˜
−
A
)
∂µwI
]
. (9.57)
The term λFJI υIµ
(
QiAJQ
iA
I
)
∂µwI drops out because of the property
∫
S2
du u+(iu
−
j) = 0.
By integration by parts, we can also put Ln2 in the form
Ln2 = +λ
∫
S2
du
[∑n
I=1
(
Q˜
+
AI∂µf
+A +Q+AI ∂µ f˜
+
A
)
∂µw−−I
]
. (9.58)
Substituting w−−I = Q˜
−I
f− = f˜
−
Q−I , we get the following
Ln2 =
−λ
2
(
ÛkC,lD∂µfkC∂µf lD + ÛkC,lD∂µf lD∂µfkC
)
+λ
2
Nˆ lDkC∂µfkC∂µf lD ,
(9.59)
where we have set
Nˆ lDkC = 8λξ
(
Q
l
CIQ
DI
k −QiCIQiDIδlk
)
,
ÛkC,lD = 4λξ
(
QlCIQ
I
kD −Q
i
CIQ
I
iDεkl
)
,
ÛkC,lD = 4λξ (QlCI QkDI −QCiIQiDIεkl) .
(9.60)
In the case n = 1, these tensors reduce to
Nˆ lk = 8λξ
(
f
l
fk − ffδlk
)
,
Ûkl = 4λξf lfk ,
Ûkl = 4λξf lfk .
(9.61)
the U n (1) hyperKahler metric
Adding eqs(9.49-9.50) and eqs(9.59-9.60), we get the total Lagrangian density
Ln = +g
kc,ld∂µfkc∂
µfld + gkc,ld∂µf
ld∂µfkc
+2hldkc∂µf
kc∂µfld ,
(9.62)
with gkc,ld, gkc,ld and h
ld
kc as in eqs(6.16-6.19).
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